INTRODUCTION
IN testcrosses or intercrosses involving double heterozygotes the most common disturbances to the expected i : i : i : i or 9 : 3 : 3 : I ratios are caused by: (i) linkage between the two loci; (2) failures of manifestation that lead to assigning a proportion of individuals to phenotypic classes inappropriate to their genotypes; and (3) upsets in the formation or function of gametes or zygotes, leading to differential viability. Linkage can be distinguished from the other two sources of disturbance because it upsets the joint distributions without affecting the single-gene ratios.
In experiments designed to estimate the linkage parameter, interest in the other parameters entering the expectations is generally limited to consideration of the disturbing effects they may have on estimation of the recombination fraction. There are two main methods of dealing with disturbances in linkage experiments. The first method is to set up conditions so that penetrance is complete and viability equivalent in all classes. This method cannot of course be used when there is no known way of eliminating difficulties of incomplete penetrance or differential viability. The second method is to develop statistical techniques that minimise the effects of the disturbing factors (Bailey, 1949 (Bailey, , 1950 Sanchez-Monge, 1952, and Parsons, 1957) . The present paper extends the methods developed by these investigators, and tests their efficiency by applying them to data from families in which disturbances attributable to penetrance are severe in one stage of development of the experimental organism, and negligible or absent in another stage.
TESTCROSSES (a) Undisturbed data
When viability is unaffected and penetrance is complete, the expression, an efficient estimate of p, the linkage parameter, is obtained by maximising L with respect to p, giving (2) n Strictly speaking, or some similar notation should be used in formula (2) for p to distinguish the estimate of p from the parameter p. Such distinction will not be made in this paper for p or for other parameters since it should always be clear which is meant. The expected variance of p is given by v = _______ =P(') () \ dp2! An estimate of this variance is given by v -(a+d)(b+c) n3 ' which is obtained by substituting in formula () the value ofp obtained from formula (2). The test for linkage in digenic backcrosses with undisturbed viability and complete penetrance is
For a coupling phase backcross in which viability is unaffected but fraction i -u of the Aa genotype is classified phenotypically as aa, expectations can be drawn up as in table i under u i. The likelihood of obtaining an observed family is n! mmm;mg. Using maximum likelihood methods as given by Bailey (1950) and Sanchez-Monge (1952) , we obtain the following estimates of p and u: (ii) a+c b+d and = b(a+c) (8) a(b+d) +b(a+c)
The expected variance of u is approximated by (see Fisher, 1954) = Since at and /3 can be presumed to be independent, the covariance term in Va+it is zero. Now
The estimate of V given by (g) for the values of u and p obtained from () and (8) will usually not be greatly different from the estimate of V given by (xo), but these two estimates will be identical only when a+c = b+d = 2 The expected variance of is obtained as = 2p(I-p) (I-2puH-2p2u) (II) * Many of the formuI in this paper replace formul given incorrectly by SanchezMonge. The errors are being corrected here with the approval of Mr Sanchez-Monge, whose cooperation is herewith gratefully acknowledged. 266 R. W. ALLARD AND H. L. ALDER This expression, which can also be written as
is equivalent to Bailey's formula (3.6), and corrects formula (22) of Sanchez-Monge. To find the variance of p obtained from information realised in a particular family, we rewrite (8) as Then = (P)2 V+ ()2 V+2 .
or, if we assume that is uncorrelated with fi,
The estimate of VP given by equation (ii) for the values of u and p obtained from () and (8) will ordinarily not differ greatly from the estimate of V given by (12), but the two estimates will be identical only when a = d and b = c.
To test the significance of the departure of u from unity, correcting for linkage, we assume u = i, for which case the maximum likelihood estimate of p is n so the expected frequencies are (a+d), l(b+c), (b+c), (a+d). 
Substituting these values of u1 and u2 into (i 8), we obtain
Therefore, the difference between the estimates of p obtained from The corresponding expression when correction is made for u is 2p(I-p)(I-2pu-j-2p2u) (formula ii).
The estimates of p obtained by calculation from formulas () and (xi) are, in general, not the same. We note, however, that if the values
The relationship between information expected for undisturbed contrasted with disturbed testcross data, expressed as the ratio /I. of p1 and p2 do not differ markedly, say by less than oio, the corres-. ponding values of the expression p (r -p) will differ little. Hence, in comparing (3) and (ii) we write
PENETRANCE AND RECOMBINATION VALUES 271 from which it can be seen that V1 = V2 only when p = 05 and u = i. As p changes from 05 to o, V1 changes from -II-f V2 to -V2. Thus, when u is estimated to increase the accuracy of estimation of p, there is a decrease in the amount of information, i . The ratio 'pl/'p2 is depicted graphically in fig. i , from which it is seen that Pi is only slightly less efficient than p2 as an estimator of p when penetrance is nearly complete and linkage is loose, but drastically less efficient with tight linkage and severe failure of manifestation.
INTERCROSSES (a) Undisturbed data
When viability is unaffected and penetrance is complete, the expected gametic output of an intercross AaBb xAaBb is:
2' Ff)' in which Pm and pf are the recombination values in male and female gametogenesis. These two parameters enter the expectations in 
ways for coupling and repulsion data, so that in principle p and Pf can be estimated individually when both sorts of data are available. In practice, however, it is convenient to assume Pm=Pf and estimate p from VP. Writing P = pmPf for matings in repulsion and P = (i Prn) (i -pf) for matings in coupling, the expected proportions of the four distinguishable phenotypic classes are as given in table 2 under u = i, and the likelihood of obtaining a given family with observed frequencies a, b, c and d
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Differentiating the logarithm of this likelihood with respect to P and equating it to zero, we obtain P as the positive solution of
The expected variance of P is
The expected variance of p for matings in repulsion is
and for matings in coupling
dp)
The usual test for linkage in the absence of disturbing influences is
For an intercross in which the penetrance of gene A is incomplete, so that a fraction i -u of AA and Aa genotypes is classified phenotypically as aa, the expected frequencies of the four phenotypes in the offspring are as given in table 2 under u i. The likelihood of obtaining an observed family is now from which we obtain an estimate of p for matings in repulsion by P = p2
and for matings in coupling by P= (i-p)2.
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The expected variance of u is approximated by
2 7fl
which is a correction of formula (i8) 
(a+c)3 9(b+d)3
The estimates of V given by (28) and (29) will usually not differ greatly.
The expected variance of P is 17 -4 (i -P) (2 +P) ( -8u +4Pu +4P2u)
which is a correction of formula (20) of Sanchez-Monge. The expected variance of p for matings in repulsion is given by VP -(I-p2)(2---p2)(9---8u+4p2u+4p4u)
and for matings in coupling by VP = (dP\2 dp)
which is a correction of formula (2 i) of Sanchez-Monge.
The variance of P actually realised in a given family is obtained as
The variance of p realised from matings in repulsion is
[3a(b+d)+b(a+c)]4 dp) and from matings in coupling
. 35 dp) 
3(c+d)
This x2 is the sum of two values of x2 each based on one degree of freedom. The first is identical to (36) and the second tests for the departure of P from so that
This can be rewritten as 2 = i6(ad-bc)2 " 8 f In these families, mortality averaged o8 per cent, after seedling classification and before mature-plant readings could be taken. Plants scored in the seedling stage that failed to survive until seed-coat colour could be determined were not included in the seedlingstage data. often fails to manifest (Allard, 1952) . R-r also governs red v. darkred seed-coat colour, a mature-plant character with complete manifestation (Allard, i953b) . Studies of mature plants have established that recombination between these two loci is about 40 per cent. (Allard, 1956; Allard and Clement, 1959) . Among many families studied in field plantings over several years, eleven were classified in both seedling and mature-plant stages of development so as to maintain the identity of individual plants in both stages. In this section, data from these families are used for experimental evaluation of the effectiveness of the statistics of Sections i and 2 in estimation of p when the data are disturbed by incomplete penetrance. The standard x2 tests for linkage (formu1 5, 24) indicate linkage in 9 of the i i families when they were classified at maturity (table 4, column 4) but in only 7 of the families when classified as seedlings, (table 4, column 3). It will also be noted that the x2 values were, with one exception, smaller for seedling-stage than for mature-stage classification. Formuhe 17 and 38 take incomplete penetrance into account and therefore minimise the bias resulting from incomplete manifestation. For these particular families the correction for incomplete penetrance did little to improve the sensitivity of the 2 278 R. W. ALLARD AND H. L. ALDER test. This was the case both for mature-plant data, where penetrance was complete (compare columns 4 and 6, table 4), and also for seedling data (compare columns 3 and 4, table 4), where penetrance was incomplete. The differences between the linkage x2s calculated in the two ways were negligible in the present families. Nevertheless, the corrected x2s should be used routinely when there is significant disturbance from incomplete penetrance, since it is easy to visualise situations in which the standard test could be misleading. The formula that takes incomplete penetrance into account should not be used for undisturbed data since it reduces the amount of information realised, particularly when the recombination value is small.
(d) Estimation of linkage
Estimates of recombination fractions, calculated from both seedling and mature-plant data, with and without correction for incomplete penetrance, are given in columns 9-12 of table 4. The values calculated from mature-plant data from formul 2 or 20 correspond to the usual estimates made from undisturbed data. These values are here accepted as " true " values for comparison.
Correcting the mature-plant data for non-existent incomplete penetrance (column 12) led to values of p that differed trivially from the standard estimates (column io). This was expected since if u formula (8) reduces to formula (2) and formula (27) reduces to formula (20) . There was a slight tendency for the standard error of p to be larger when correction was made for incomplete penetrance.
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This is also expected, because, for u i, efficiency should be reduced only slightly when linkage is loose ( figs. i and 2) .
The estimates of p calculated from seedling-stage data, ignoring incomplete penetrance, are given in column 9 of table 4. Comparison with the" true "values calculated from mature-plant data (column io) shows that, for these families, incomplete penetrance caused the "true" intensity of the linkage to be consistently underestimated.
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value of p obtained from the combined mature-plant data and the value obtained from the combined seedling data. Since the scoring method (see Mather, 1951 Rao, 1952 ) is convenient when several sets of data are to be combined in estimating a parameter, it was adopted here. The estimated value of p for the combined matureplant data was O377O and p for the combined seedling data was o4477. Thus the effect on the usual estimator was an upward bias of o4477-o377O = oo7o7 in the estimated value of p. The estimates of p obtained, taking incomplete penetrance into account, are given in column i i of table 4. In all 4 backcross families these values were intermediate between the " true " values (column Io) and the uncorrected estimates (column 9). Thus, the correction was in the right direction but was uniformly too small. Among the seven F2 families, four under-and three overcorrections were observed. It will be recalled from Section i that undercorrection occurs if u1 >u2, and overcorrection with the reverse situation. The preponderance S2 28o R. W. ALLARD AND H. L. ALDER of undercorrections in these eleven families does not appear to be significant, but present data do not rule out the possibility that there is a tendency for manifestation to be less complete in D than in d genotypes.
To obtain a combined estimate of p from all eleven families, taking the differences in degree of manifestation into account, we note that the expectations involve the two parameters u and p and that we are particularly concerned with the estimation and significance of p. If L is the logarithm of the likelihood, an efficient score for p = p1 is S(p1)= p where maximum-likelihood estimates of p and u, given p = p1, have been substituted. Thus, we can find the combined maximum-likelihood estimate of p by substituting u into the following equations and solving for p by arithmetic trial and interpolation: 
The information about p realised can be calculated as
P2P1
in which p1 and p2 represent adjacent values of p for which the scores take opposite signs.
Fisher (i 954) has shown that the sum of the squares of the scores for the pooled families, divided by the information provided by each family, satisfies a x2 distribution. Thus,
provides a heterogeneity test with N-i degrees of freedom, in which N is the number of pooled families. Interpolating gives p = 0-3967 with a standard error of 4795-O. Therefore p = o3967+oOI44. The non-significant heterogeneity x2 indicates that the families are consistent in supporting the joint estimate of the recombination value.
The "true" value, estimated from the undisturbed mature-plant data, wasp = o3770±00095. Hence the estimate from the disturbed seedling data, although 00I97 too high, represents a substantially better estimate than the value of 04477 obtained when incomplete penetrance was ignored.
Information realised, respectively, from the mature-plant data and from seedling data, taking incomplete penetrance into account, was i i ,o88 o and 47950 units. The efficiency of the seedling data relative to the mature-plant data was therefore 43 25 per cent. Since seedling data are obtained with less than one-tenth as much effort and expense as mature-plant data, it is clear that information about linkage will, in this case, be accumulated more rapidly from seedling data.
These results indicate that consistent estimates of the linkage parameter can be obtained from data in which incomplete penetrance is a disturbing factor, and further, that loss in efficiency is not drastic unless failure of manifestation is severe. Estimators that take incomplete penetrance into account should therefore be used routinely (a) when the experimenter cannot set up conditions where penetrance is complete or (b) when the effort or expense of achieving complete penetrance exceeds the loss in efficiency that accompanies addition of the penetrance parameter to the estimator.
SUMMARY
The consistency and efficiency of linkage estimators that take incomplete penetrance into account are examined theoretically.
Introduction of a penetrance parameter, u, does not affect consistency of estimation of p (the linkage parameter) so long as incomplete manifestation A-*a or a-÷-A is equivalent in all genetic phases at the second locus in two point tests. Efficiency of estimation depends on both p and u when penetrance is taken into account. Efficiency is equivalent to that of the usual estimator when u = i and p = o5, but decreases as p and u tend toward zero.
The effectiveness of the estimators that take penetrance into account was examined experimentally by applying them to data from four backcross and seven F2 families in which manifestation was incomplete in seedlings but complete in mature plants. Ignoring incomplete penetrance led to severely biased estimates of linkage intensity for the seedling data. This bias was removed when correction was made for varying degrees of manifestation, but at the expense of information. Nevertheless, the policy of using seedling data was clearly advantageous since the loss in efficiency was more than compensated by the greater expense and effort required to grow plants to maturity.
The estimators that take incomplete penetrance into account should be particularly useful in linkage experiments involving genes for disease resistance, and in other similar situations where disturbances resulting from failures of manifestation are common and no certain method of achieving complete penetrance is known.
